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We formulate a conclusive teleportation protocol for a system in d-dimensional Hilbert space utiliz-
ing the positive operator valued measurement at the sending station. The conclusive teleportation
protocol ensures some perfect teleportation events when the channel is only partially entangled, at
the expense of lowering the overall average fidelity. We find the change of the fidelity as optimizing
the conclusive teleportation events and discuss how much information remains in the inconclusive
parts of the teleportation.
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I. INTRODUCTION
Quantum teleportation [1,2] serves probably the best
test ground for quantum entanglement. When its quan-
tum channel is optimally entangled, quantum teleporta-
tion faithfully transmits the quantum state of a system.
It has been found for a spin-1/2 system that even when
the quantum channel is not maximally entangled, quan-
tum teleportation provides better transmission of a quan-
tum state than any classical communication protocol [3].
When an imperfect quantum channel is given, there
are two components we can alter in quantum telepor-
tation to satisfy the needs: measurement at the send-
ing station and transformation at the receiving station.
Banaszek found that, when the channel is pure, a joint
von-Neumann measurement and a unitary transforma-
tion maximizes the average fidelity for the teleportation
of a state in d-dimensional Hilbert space [4]. In some
cases, this may not be the optimal strategy for partic-
ular purposes. For example, when a perfect replica of
the original state is only of use, maximizing the average
fidelity does not have to be the best strategy because
it can mean none of the replica states are perfect even
though the density matrix of the replica ensemble maxi-
mally resembles the original state. In this paper we are
interested in how to optimize the successful teleportation
of a quantum state in d-dimensional Hilbert space.
Recently, Mor and Horodecki [5] proposed a conclu-
sive teleportation protocol for a quantum state in two-
dimensional Hilbert space by employing a positive oper-
ator valued measurement (POVM) [6] as the joint mea-
surement at the sending station. When the measure-
ment is successful by a random chance, the initially un-
known quantum state is teleported perfectly, which is
called a conclusive event. In contrast, for an inconclu-
sive event, the sender can extract no information from
the measurement outcome and the teleportation loses its
quantum characteristics. To indicate the success of the
measurement, an extra single-bit has to be sent to the
receiver together with the two-bit information via a clas-
sical channel. Bandyopadhyay [7] and Li et al. [8] have
also proposed protocols to implement conclusive telepor-
tation in two-dimensional Hilbert space. Bandyopadhyay
uses a combination of orthogonal GHZ measurements and
POVM’s while Li et al. take general transformations at
the receiving station leaving the measurement orthogo-
nal.
Quantum information theory has been extensively de-
veloped for a two-level spin-1/2 system because this sim-
ple model provides a natural extension of a binomial bit
to a quantum bit, namely, qubit, and gives a compre-
hensive understanding of fundamental quantum theory.
It is only recently that d-dimensional quantum systems
have attracted a considerable research effort. Quantum
cloning in d dimensions was studied by Zanardi [9] and
quantum teleportation by Zubairy [10] and Stenholm and
Bardroff [11]. Rungta et al. called the d-dimensional
quantum system the qudit and investigated its entangle-
ment and separability [12]. The qudit was extensively
studied as a finite-dimensional version of a continuous
variable state by Gottesman et al. [13].
The POVM is not a new concept in quantum informa-
tion theory. The POVM is one of the standard proce-
dures for entanglement purification and concentration.
The entanglement purification is a protocol to select
the subensemble of maximally entangled pairs from the
whole ensemble of quantum states [14]. In the purifi-
cation protocol, two distant observers employ only lo-
cal measurements and classical communication together
with the post-selection of subensembles. The local mea-
surements may involve POVM’s [15]. The teleportation
procedure may follow the purification of the quantum
channel for the faithful transmission of a quantum sys-
tem. The optimal POVM has recently been implemented
in a laboratory for a two-level system [16].
In this paper, we formulate the conclusive teleportation
in d-dimensional Hilbert space, for which we develop the
general form of the optimum POVM. Here, the conclusive
measurement outcome is not to give information on the
initial state itself but to give information on which uni-
tary transformation to perform to recover the initial state
at the receiving station. An optimum POVM normally
leaves no information in the inconclusive event but when
the POVM is used in teleportation, we show that some
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teleportation information can be extracted from the in-
conclusive outcome. However, in this case, the maximum
information the receiver recovers is limited by classical
theory. If the POVM is not optimized, some quantum in-
formation is still left in the inconclusive event. We show
how much quantum information remains in the inconclu-
sive event by evaluating the teleportation fidelity. The
overall fidelity for conclusive teleportation is less than
that for the teleportation employing the von-Neumann
measurement. We closely examine the reason. We also
assess the minimum resources to achieve the conclusive
teleportation.
II. CONCLUSIVE TELEPORTATION
Conclusive teleportation assures some faithful telepor-
tation events using a partially-entangled quantum chan-
nel. In this section, we formulate conclusive teleporta-
tion in the d-dimensional Hilbert space H. One of the
important conditions for teleportation is that the initial
quantum state is unknwon. Assume that a particle in a
d-dimensional quantum state |φ〉1,
|φ〉1 =
d∑
i=1
ci|i〉1, (1)
is teleported to a remote place via a partially entangled
channel in the d× d-dimensional Hilbert space, H⊗H.
When the quantum channel is not perfect, Mor and
Horodecki [5] found for a two-level quantum system that
a joint POVM may assure conclusive teleportation. The
main difference between a POVM and a von-Neumann
orthogonal measurement is that the outcome bases and
the number of outcomes may be different each other [17].
By discerning non-orthogonal states using a joint POVM,
a faithful transmission of a two-level quantum state is
made possible. Of course, it is not always possible to dis-
cern non-orthogonal states due to the overlap between
the non-orthogonal outcome bases. For the inconclu-
sive outcome, the teleportation becomes unfaithful. In
any cases, we know when the teleportation is faithful.
We formulate the optimal conclusive teleportation for a
quantum state in d-dimensional Hilbert space.
A. Formalism
For quantum teleportation, we assume that the quan-
tum channel is prepared with a pure entangled pair of
particles 2 and 3. The quantum channel is in the state
|ψ〉23 by Schmidt decomposition
|ψ〉23 =
d∑
i=1
ai|ii〉23 (2)
where {|i〉} is an orthonormal basis set in d-dimensional
Hilbert space H. The coefficients ai are regarded as real
values and assume that ak is the smallest among the coef-
ficients for the sake of simplicity. For a maximally entan-
gled quantum channel, ai = d
−1/2. The total quantum
state for the unknown particle 1 and the entangled pair
2 and 3 is given by the direct product of the unknown
state |φ〉1 and the quantum channel state |ψ〉23,
|Ψ〉123 = |φ〉1 ⊗ |ψ〉23. (3)
The sender performs a joint measurement on particles 1
and 2 so that we expand the composite system based on
states for particles 1 and 2.
In the standard teleportation protocol suggested by
Bennett et al. [1], the joint measurement is based on
Bell states, which form an orthonormal basis set of the
maximally entangled states {|ψmα 〉} for a spin-1/2 sys-
tem. This basis set can be obtained by applying a set
of local unitary operations {Uˆα} on the given maximally
entangled state |ψm〉: |ψmα 〉 = Uˆα ⊗ 1 |ψm〉 [18]. For a
spin-1/2 system the set of unitary operators is given by
{1 , σˆx, σˆy, σˆz}. The orthonormal basis set should satisfy
the completeness:
1 d×d =
d2∑
α=1
|ψmα 〉〈ψmα |
=
∑
α
Uˆα ⊗ 1 |ψm〉〈ψm|Uˆα† ⊗ 1 , (4)
where 1 d×d = 1 ⊗ 1 . In the orthonormal basis of {|ij〉}
the completeness can be written in the matrix form:
δikδjl =
1
d
∑
α
UαijU
α∗
kl (5)
where Uαij ≡ 〈i|Uˆα|j〉. Note that Eq. (5) depends only on
the unitary operators. In fact the set of the unitary op-
erators {Uˆα} is the irreducible projective representation
of a group G and Eq. (5) implies its orthogonality rela-
tion [19]. In addition the orthonormality of the entangled
basis states δαβ = 〈ψmα |ψmβ 〉 leads to the orthogonal con-
dition for the unitary operators:
TrUˆα
†
Uˆβ = d δαβ . (6)
In the conclusive teleportation protocol, the basis set of
entangled states is obtained by using the same local uni-
tary operators {Uˆα} on the state of the quantum channel
(2):
|ψα〉 = Uˆα ⊗ 1 |ψ〉 (7)
for α = 1, 2, · · ·, d2. Note that the state vectors (7) are
linearly independent and form a basis set. The basis
states |ψα〉 are not necessarily orthonormal. Only when
the channel is maximally entangled with ai = d
−1/2 the
set of the basis states {|ψα〉} becomes {|ψmα 〉}, which rep-
resents the von-Neumann orthogonal measurement.
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It is possible to write the state |ψα〉 in the orthonormal
basis |ij〉:
|ψα〉 =
d∑
i,j=1
Γαij |ij〉 (8)
where the matrix Γαij is calculated from Eqs. (2) and (7)
as
Γαij = U
α
ijaj . (9)
Because the basis states {|ψα〉} are linearly independent,
the matrix Γαij is non-singular and its inverse matrix is
given by
(
Γ−1
)α
ij
=
1
d
Uα
∗
ij a
−1
j . (10)
It is straightforward to show, from Eqs. (9) and (10) by
using Eq. (5) and/or Eq. (6), that Eq. (10) is the inverse
matrix for Γαij such that
∑
α(Γ
−1)αijΓ
α
kl = δikδjl and/or∑
ij Γ
α
ij(Γ
−1)βij = δαβ . With the help of (Γ
−1)αij , the
inverse relation to Eq. (8) follows
|ij〉 =
d2∑
α=1
(
Γ−1
)α
ij
|ψα〉. (11)
The completeness with respect to the entangled states
{|ψα〉} is nontrivial due to their being non-orthogonal
for a partially entangled quantum channel. Instead, we
modify the completeness for the set of orthonormal bases
{|ij〉} using Eq. (11) as
1 d×d =
∑
ij
|ij〉〈ij|
=
∑
αij
(
Γ−1
)α
ij
|ψα〉〈ij|. (12)
The total state |Ψ〉123 in Eq. (3) can now be written
with help of the modified completeness (12) as
|Ψ〉123 =

∑
αij
(
Γ−1
)α
ij
|ψα〉12〈ij|

 |φ〉1 ⊗ |ψ〉23
=
1
d
∑
α
|ψα〉12 ⊗ Uˆα†|φ〉3. (13)
The second equality is given by the inverse matrix (10)
and the orthonormality of the bases {|i〉}. Here it is seen
that the von-Neumann orthogonal measurement with the
maximally entangled bases of {|ψmα 〉} cannot exactly dis-
cern the non-orthogonal state vectors |ψα〉 and the tele-
portation is no longer perfect for the partially entangled
quantum channel.
Suppose that there were a complete set of measurement
operators {Aˆα} with d2 outcomes, which could identify
a partially entangled state |ψβ〉 such that the probability
p(α|β) = 〈ψβ |Aˆα|ψβ〉 does not vanish only when α = β.
One could then achieve perfect teleportation by applying
a unitary operation Uˆβ on particle 3, accordingly. Except
for the maximally entangled quantum channel, there does
not exist such a set of measurement operators {Aˆα}. We
thus adopt a set of POVM operators {Mˆα} with n > d2
outcomes, which are designed to satisfy the above con-
dition of p(α|β) = 〈ψβ |Mˆα|ψβ〉 ∝ δαβ for α ≤ d2 and to
allow that p(α|β) does not have to vanish for d2 < α ≤ n.
The outcomes are classified into two events. One is con-
clusive for the outcomes of α ≤ d2 where we can achieve
a perfect transfer of the unknown state. The other is in-
conclusive for d2 < α ≤ n where the measurement does
not tell its outcome precisely. In the conclusive telepor-
tation, the joint POVM determines whether the present
event is conclusive. If the measurement outcome is con-
clusive, a corresponding unitary operation completes the
teleportation.
B. Identification by POVM
A POVM is defined as a partition of unity by the non-
negative operators which are in general non-orthogonal.
A set of POVM operators {Mˆα} with n > d2 outcomes
satisfy the measurement conditions of positivity and com-
pleteness. The positivity Mˆα ≥ 0 ensures the positive
probability for every POVM operator. The fact that the
sum of probabilities is unity leads to the completeness:∑n
α=1 Mˆα = 1 d×d.
The conclusive teleportation has a crucial step to iden-
tify non-orthogonal basis states |ψβ〉 for β = 1, 2, ..., d2
as in Eq. (13). For this purpose, joint POVM operators
are designed such that
〈ψβ |Mˆα|ψβ〉 ∝ δαβ for α ≤ d2. (14)
This shows that when the measurement outcome is due
to any of Mˆα for α ≤ d2, we can conclusively deter-
mine which non-orthogonal state the system is in. On
the other hand, the measurement bears an inconclusive
result when the outcome is of Mˆα for α > d
2. In the con-
clusive teleportation, d2 operators are used to identify
non-orthogonal states while the other operators consist-
ing of the measurement set represent some inconclusive
mixtures.
Any set of POVM operators can be decomposed into
rank-one general projectors [17]. The conclusive mea-
surement operators are represented by general projectors
as
Mˆα = λα|ψ˜α〉〈ψ˜α| for α ≤ d2 (15)
where the real parameter λα ≥ 0 will be determined to
optimize the conclusive events while keeping the proba-
bility of the inconclusive events positive. Without loss
of generality we assume that each measurement outcome
is equally probable with λα = λ. Unless the POVM is
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to discern orthogonal states, the completeness is guaran-
teed only by adding an inconclusive measurement oper-
ator Mˆd2+1,
Mˆd2+1 = 1 d×d −
d2∑
α=1
Mˆα. (16)
For the purpose of the identification (14), the gener-
ally non-orthogonal and unnormalized states {|ψ˜α〉} in
Eq. (15) are constrained to satisfy the relation
〈ψ˜α|ψβ〉 = δαβ . (17)
To find its explicit form, we expand |ψ˜α〉 in the orthogo-
nal basis |ij〉,
|ψ˜α〉 =
d∑
i,j=1
Γ˜αij |ij〉, (18)
where Γ˜α is given by the relation between Γ and Γ−1 in
Eqs. (9) and (10) as
Γ˜αij =
(
Γ−1∗
)α
ij
=
1
d
Uαija
−1
j . (19)
It is straightforward to show that the unnormalized states
|ψ˜α〉 satisfy the orthogonal condition (17).
The inconclusive measurement operator Mˆd2+1 is de-
termined to satisfy the positivity and the condition (16).
To do so the sum of the conclusive measurement opera-
tors is calculated as
d2∑
α=1
Mˆα =
λ
d2
∑
ijkl
1
ajal
(∑
α
UαijU
∗α
kl
)
|ij〉〈kl| (20)
With use of the orthogonality of unitary operators (5),
the inconclusive measurement operator is then found as
Mˆd2+1 =
d∑
i,j=1
(
1− λ
a2jd
)
|ij〉〈ij|. (21)
This is positive only when λ ≤ a2jd for all j = 1, 2, ..., d.
As ak the smallest, the condition, 0 ≤ λ ≤ a2kd, ensures
the positivity. The operator Mˆd2+1 is diagonal and a
convex combination of projectors. Note that it is possible
to decompose the operator Mˆd2+1 further into d
2 general
projectors. We then have a new set of POVM operators,
i.e., {Mˆ1, Mˆ2, · · ·, Mˆ2d2}.
C. Optimization of conclusive events
The optimization of conclusive-event probabilities is
achieved by minimizing the probability of the inconclu-
sive event,
pd2+1 = 123〈Ψ|Mˆd2+1|Ψ〉123 = 1− λ, (22)
which shows that the maximum possible value of λ will
result in the optimal conclusive teleportation. From the
positivity condition for all POVM operators, it is clear
that λ has the maximum value, a2kd. Note that, with
the information on the channel, it is always possible to
perform a POVM which optimizes faithful teleportation.
The proposed POVM enables to identify non-
orthogonal states |ψα〉 with finite probability pα = λ/d2
for each conclusive event. When it is employed for the
joint measurement, we have a nonzero probability to tele-
port faithfully. When the measurement outcome is incon-
clusive, we simply repeat the protocol till a conclusive
result is obtained.
D. Necessary resources
Our protocol for the conclusive teleportation has
two distinct components from standard teleportation:
POVM for joint measurement and additional classical
communication whether the event is conclusive or not.
The additional classical communication requires single
classical bit. Here, we consider what other resources are
required to implement conclusive teleportation.
Neumark’s theorem enables us to construct the POVM
by von-Neumann orthogonal measurement in an ex-
tended Hilbert space. The extension is done by adding
an ancillary particle [17]. Let da the dimension of the an-
cillary particle. In the extended Hilbert space Hs ⊗Ha,
where Hs = H⊗H is the original Hilbert space and Ha
the ancillary Hilbert space, the von-Neumann orthogo-
nal measurement is represented by a set of projectors
{Pˆij ⊗ Pˆa} satisfying the completeness,∑
ija
Pˆij ⊗ Pˆa = 1 d×d ⊗ 1 da (23)
where Pˆij = |ij〉〈ij| and Pˆa = |a〉〈a| are projectors, re-
spectively, in Hs and Ha. The set of POVM operators
(15) and (16) for the joint measurement are constructed
by applying unitary operation Uˆ on the composite sys-
tem of the original system and the ancillary system and
by projecting into the original Hilbert space as
1 d×d = Pˆ Uˆ
∑
ija
|ij〉〈ij| ⊗ |a〉〈a|Uˆ †Pˆ (24)
where Pˆ is a projector into Hs such that Pˆ |ij〉 ⊗ |a〉 =
|ij〉. Now, the set of operators {Pˆ Uˆ |ij〉〈ij| ⊗ |a〉〈a|Uˆ †Pˆ}
gives the set of POVM operators {Mˆα} if the following
d2 matrix equations are satisfied,(
Mˆα
)
kl,mn
=
∑
ija
(
Pˆ Uˆ
)
kl,ija
(
Uˆ †Pˆ
)
ija,mn
(25)
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for α ≤ d2, where (Mˆα)kl,mn = 〈kl|Mˆα|mn〉 and
(Pˆ Uˆ)kl,ija = 〈kl|Pˆ Uˆ |ija〉. Note that we consider only d2
matrix equations for the POVM operators used in conclu-
sive events because others are straightforwardly obtained
from the completeness condition (24). The unitary oper-
ator has (d×d×da)2 independent real variables and Eq.
(25) has d2 × (d2 × d2) linear equations. If da ≥ d, the
number of real variables are sufficient to satisfy Eq. (25).
Therefore, the joint POVM requires an ancillary particle
in da ≥ d dimensional Hilbert space.
III. AVERAGE FIDELITY
For a maximally entangled quantum channel the pro-
posed conclusive teleportation becomes the standard
teleportation as the joint measurement performed at the
sending station becomes the orthogonal measurement. In
this case the joint measurement extracts no information
on the unknown quantum state as the full information is
transferred to the teleported state. On the other hand,
for a partially entangled quantum channel, the joint or-
thogonal measurement may extract some information on
the unknown state and only partial information is trans-
ferred to the teleported state. The average fidelity, which
tells how close the teleported state is to the original state,
is not larger than F¯s = 23 (1+|a1a2|) for the quantum tele-
portation of a two-dimensional state using the standard
teleportation protocol [3,4,20]. Conclusive teleportation
employs the joint POVM instead of the orthogonal mea-
surement. The measurement is different so thus the in-
formation transfer. In this section we discuss the flow
of information as calculating the fidelity for conclusive
teleportation.
The fidelity F is defined by the overlap between the
original state |φ〉 and the evolved state ρˆ; F = 〈φ|ρˆ|φ〉.
When the quantum channel is pure, a pure state is recov-
ered at the receiving station after performing one tele-
portation procedure. The teleported pure state of the
density operator ρˆα is dependent on the measurement
outcome, here, indexed α, at the sending station. After
executing the teleportation protocol infinite times, the
ensemble of teleported quantum system is represented by
a density operator ρˆ =
∑
α pαρˆα where the measurement
bears the outcome indexed α with the probability pα.
The fidelity can thus be given by F = ∑α pα〈φ|ρˆα|φ〉.
In quantum teleportation, the original state |φ〉 is un-
known so that it is necessary to average the fidelity over
all possible unknown states. The average fidelity is
F¯ ≡ 1
V
∫
d~Ω
∑
α
pα(~Ω)fα(~Ω) (26)
where fα(~Ω) = 〈φ(~Ω)|ρˆα|φ(~Ω)〉 and an unknown pure
states |φ(~Ω)〉 is parameterized by a real vector ~Ω in the
parameter space of volume V [4,20,21].
In conclusive teleportation, we know that faithful tele-
portation is assured at the conclusive event. Even though
the inconclusive result is not of use in quantum sense,
the receiver can still try to recover some information on
the original unknown state. To consider conclusive and
inconclusive events, we decompose further the measure-
ment operator (21) into general projectors such that the
new set of POVM operators is represented by
Mˆ ′α = λ
′
α|ψ˜′α〉〈ψ˜′α| (27)
where
λ′α =
{
λ for α ≤ d2
1− λ/da2j for α = d2 + (j − 1)d+ i
|ψ˜′α〉 =
{
|ψ˜α〉 for α ≤ d2
|ij〉 for α = d2 + (j − 1)d+ i.
The average fidelity is now written as
F¯ = F¯con + F¯inc
=
1
V
∫
d~Ω
[ d2∑
α=1
+
2d2∑
α=d2+1
]
pα(~Ω)fα(~Ω) (28)
where the first (second) sum indicates the information
transferred in conclusive (inconclusive) events. The av-
erage fidelity is maximized by proper unitary operator
Uˆα according to the joint measurement outcome for Mˆ
′
α.
The resulting maximal average fidelity is given by
F¯ = λ+ 1− λ
d+ 1
+
1
d(d+ 1)
(
d∑
i=1
√
da2i − λ
)2
. (29)
Note that Eq. (29) is obtained using the set of the POVM
operators {Mˆ ′α}. For the conclusive events the POVM
operators are pre-determined. On the other hand, the in-
conclusive operators may vary to increase the fidelity. It
was shown that the fidelity of teleportation is maximized
by orthogonal joint measurement and unitary transfor-
mation [4], which is consistent with our choice of {Mˆ ′α}
for inconclusive events.
Information loss
For the comparison with the standard teleportation we
restrict, in this section, our concern to two dimensional
conclusive teleportation where the parameter space of un-
known states is the surface of a three-dimensional sphere
with its volume V = 4π. When the quantum channel
is in the entangled state |ψ〉23 = 2−1/2[
√
1− cos θc|11〉+√
1 + cos θc|22〉], |ψ˜′α〉12 in Eq. (27) are given by
|ψ˜′1〉12 = N
[√
1 + cos θc|11〉+
√
1− cos θc|22〉
]
,
|ψ˜′2〉12 = N
[√
1 + cos θc|11〉 −
√
1− cos θc|22〉
]
,
|ψ˜′3〉12 = N
[√
1 + cos θc|21〉+
√
1− cos θc|12〉
]
,
|ψ˜′4〉12 = N
[√
1 + cos θc|21〉 −
√
1− cos θc|12〉
]
, (30)
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whereN = (2−2 cos2 θc)−1/2 and |ψ˜′α〉12 = |ij〉 for α > 4.
The subscript indices 12 have been added to emphasize
that the measurement is performed on particles 1 and 2.
The non-orthogonality of POVM operators is implied in
the relative angle θc between |ψ˜′1(3)〉 and |ψ˜′2(4)〉.
The fidelity of each conclusive event is unity with the
event probability λ/4; F¯con = λ. For the inconclusive
event α, the teleported state is represented by the density
operator ρˆα =
1
2 (1 + ~mα · ~σ) where ~m5 = zˆ, ~m6 = −zˆ,
~m7 = −zˆ, and ~m8 = zˆ, are the four Bloch vectors. The
average fidelity over the inconclusive ensemble is
F¯inc = 1
2
(1− λ) + 1
12
[(
a21 −
λ
2
)
(mz5 −mz8)
+
(
a22 −
λ
2
)
(mz7 −mz6)
]
. (31)
Because λ ≤ 2 min{a21, a22} due to the positivity of the
measurement operators, Eq. (31) is maximized to F¯inc =
2(1 − λ)/3 by applying σx on the receiver’s particle for
the outcomes α = 7, 8. Note that each inconclusive event
has the fidelity 2/3 on average, which is larger than the
fidelity of 1/2 in any random guess process. We have
found that even the inconclusive events transfer some
information of unknown states to the receiving station.
The maximum average fidelity is finally obtained for a
given parameter λ as
F¯ = 2
3
(
1 +
λ
2
)
. (32)
It is interesting to note that the parameter λ =
2 min{a21, a22} optimizes not only the probabilities for con-
clusive events but also the average fidelity for conclusive
teleportation under the condition of identification (14).
The average fidelity F¯o = 23 (1+2 min{a21, a22}) for optimal
conclusive teleportation is clearly less than the average
fidelity F¯s for standard teleportation. The optimal con-
clusive teleportation has a smaller average fidelity than
the standard teleportation when the quantum channel is
partially entangled.
Why does the conclusive teleportation have a smaller
average fidelity? We will show that the information loss
is caused by the non-orthogonality in the joint POVM. To
see this we release the condition (30) for conclusive iden-
tification and we vary the relative angle θc → θ. Now,
the new measurement set represents also a POVM but
does not necessarily give us any conclusive result. After
some calculation, we find that, for a given θ, the new set
of POVM operators leads to the maximal average fidelity
F¯ = 2
3
(
1 +
λ
2
√
1− cos2 θc√
1− cos2 θ
)
, (33)
where the real parameter λ is 0 ≤ λ ≤ 1 − | cos θ|. For
each case of the new POVM set, the optimal fidelity F¯o
is obtained when λ = 1−| cosθ|. Fig. 1 shows the depen-
dence of the optimal fidelity F¯o on the overlap, cos θ, of
the POVM operators. This clearly illustrates the depen-
dence of teleported information on the non-orthogonal
nature of measurement operators. Four sets of data are
plotted with respect to the degree of channel entangle-
ment. The degree of channel entanglement is measured
by the von-Neumann entropy Sa ≡ Traρˆa log2 ρˆa where
ρˆa is the reduced density operator for particle a. When
the overlap between the measurement bases is zero, i.e.,
cos θ = 0, the POVM set corresponds to the orthogonal
measurement. The arrows in Fig. 1 indicate the fidelities
of optimized conclusive teleportation for given quantum
channels. The dot-dashed line corresponds to the max-
imally entangled channel and gives the unit fidelity for
the orthogonal measurement of cos θc = 0 as it should in
the standard teleportation. When the non-orthogonality
increases in the measurement, i.e., cos θ increases, the
average fidelity decreases. We can thus say that the in-
formation of the unknown state is lost through the non-
orthogonal joint measurement in teleportation.
IV. REMARKS
We have formulated the conclusive teleportation pro-
tocol utilizing the joint POVM for an unknown state in
the d-dimensional Hilbert space. The general schemes
are proposed on the identification of the non-orthogonal
states by POVM operators and the optimization of the
probabilities for the conclusive events. By the con-
clusive teleportation one can teleport perfectly the un-
known quantum state with finite probability. It is shown
that some useful information for teleportation can be ex-
tracted from an inconclusive event even when the POVM
is optimized. The maximum fidelity for conclusive tele-
portation has been found and the minimum resources
have been discussed. The fidelity for conclusive tele-
portation is less than the standard teleportation. We
attribute the reason for the loss of information to the
non-orthogonality of joint POVM operators.
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FIG. 1. The change of average optimum fidelity with re-
gard to the relative angle of POVM operators for given entan-
glement of the quantum channel. The degree of entanglement
for the quantum channel is measured by the von-Neumann en-
tropy Sa = 0 (solid line), Sa = 0.19 (long dashed), Sa = 0.55
(dashed), and Sa = 1 (dot dashed). The value of cos θ = 0
corresponds to standard teleportation. The arrows indicate
the optimum fidelities of conclusive teleportation for given
entanglement of the quantum channel.
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